Abstract The quasi-SU(3) symmetry was uncovered in full pf and sdg shell-model calculations for both even-even [1] and odd-even nuclei [2] . It manifests itself through a dominance of single-particle and quadrupole-quadrupole terms in a Hamiltonian used to describe welldeformed nuclei. A practical consequence of the quasi-SU(3) symmetry is an efficient basis truncation scheme. In [3] it is shown that when this type of Hamiltonian is diagonalized in an SU(3) basis, only a few irreducible representations (irreps) of SU(3) are needed to describe the yrast band, the leading S=0 irrep augmented with the leading S=1 irreps in the proton and neutron subspaces. In the present article the quasi-SU(3) truncation scheme is used, in conjunction with a "realistic but schematic" Hamiltonian that includes the most important multipole terms, to describe the energy spectra and B(E2) * Electronic address: cvargas@fis.cinvestav.mx † Electronic address: hirsch@nuclecu.unam.mx ‡ Electronic address: draayer@lsu.edu 1 transition strengths of 20,22 Ne, 24 Mg and 28 Si. The effect of the size of the Hilbert space on both sets of observables is discussed, as well as the structure of the yrast band and the importance of the various terms in the Hamiltonian.
Introduction
More than 40 years ago Elliott pointed out the fundamental role SU(3) plays in a description of light rotational nuclei [4] . The introduction of SU(3) yields insight into relevant degrees of freedom underlying collective rotational motion, and in particular it points to the importance of the quadrupolequadrupole interaction. Furthermore, even though the spin-orbit interaction breaks SU (3) , it can still be used to truncate full model spaces into small subspaces in which realistic calculations can be performed.
In heavy deformed nuclei the pseudo-SU(3) symmetry [5] has played a similar role. While in the 1980s it was employed as an exact symmetry [6, 7, 8, 9] , after the development of new computer codes for calculating reduced matrix elements of 1-and 2-body operators [10] , it was possible to take into account pseudo-SU(3) symmetry breaking terms in the Hamiltonian (i.e. realistic single-particle energies and the pairing interaction) which have been shown to be important in a description of low-energy bands and associated electromagnetic transition strengths in even-even [11, 12, 13] as well as oddmass [14, 15] nuclei.
Although the pseudo-SU(3) model is a successful shell-model scheme, it is limited by the formal exclusion of valence nucleons occupying unique parity orbitals. In certain cases a reparametrization of the theory can be used to compensate for this exclusion, while in other cases the nucleons in unique parity orbitals have to be included explicitly [16] . The quasi-SU(3) truncation scheme therefore offers the possibility of including nucleons in intruder orbits within the framework of a complementary SU(3) formalism and thereby yielding a complete theory for heavy deformed nuclei [1] .
The quasi-SU(3) symmetry was uncovered in full pf and sdg shell-model calculations for even-even [1] and odd-even [2] nuclei. It owes its importance to the dominance of the single-particle and quadrupole-quadrupole terms in a Hamiltonian used to describe well-deformed nuclei. Needless to say, other terms such as pairing are crucial in determining observed moments of inertia, but most of these effects can be accounted for perturbatively because they introduce small changes in the wavefunctions [17] .
The quasi-SU(3) symmetry also leads to an efficient truncation scheme. In shell-model calculations it has been shown that the single-particle levels with j = l + 1 2 play a dominant role in the low-energy spectra, allowing significant reductions in the size of the Hilbert space [1] . In [3] it is reported that, when a single-particle plus quadrupole-quadrupole Hamiltonian is diagonalized in an SU(3) basis, very few SU(3) irreducible representations (irreps) are needed to describe the yrast band. The ground state band is built from the S=0 leading irrep, which strongly mixes with the leading S=1 irreps in the proton and neutron subspaces. Using a realistic Hamiltonian the change in the wavefunction associated with backbending in 48 Cr was studied in [18] . In the present article the quasi-SU(3) truncation scheme obtained in [3] is used in conjunction with a realistic Hamiltonian. The Hamiltonian has single-particle terms for protons and neutrons, quadrupole-quadrupole and pairing interactions, and three rotor-like terms that allow for a fine tuning of the different bands. The energy spectra and B(E2) transition strength of 20, 22 Ne, 24 Mg and 28 Si are studied. The effects of the size of the Hilbert space on both observables are discussed at length, as well as the yrast band wavefunction and the role played by the different terms in the Hamiltonian.
The main goal is to show that the combination of the quasi-SU(3) truncation scheme and a realistic but simple Hamiltonian is a powerful combination for generating a description of the low-energy properties of deformed nuclei. This work, and a follow-on one where odd-mass and odd-odd light nuclei are discussed [19] , provide justification for applications of the quasi-SU(3) truncation scheme to nucleons occupying unique parity orbitals in heavy deformed nuclei.
We study two nuclei, for which a diagonalization in the full Hilbert space in the SU(3) scheme is feasible ( 20, 22 Ne), to analyse the effects of the truncation on the energy spectra and B(E2) values. The heavier 24 Mg and 28 Si nuclei have a richer structure and are used to help exhibit the efficiency of the model. The last two nuclei are more affected by the spin-orbit interaction, which introduces significant mixing of SU(3) irreps in the yrast band wavefunction. We will also discuss changes in the rotor-like terms in the Hamiltonian which allow for a best description of the nuclear properties in each truncated subspace.
The article is organized as follows: In Section 2 a brief review of the SU(3) basis and the model Hamiltonian is presented. Results for 20 Ne are shown and discussed in Section 3, for 22 Ne in Section 4, for 24 Mg in Section 5, and for 28 Si in Section 6. Conclusions are given in Section 7.
The quasi SU(3) model
There are many articles and books were the SU(3) nuclear model is discussed extensively and to which the interested reader is referred [4, 20, 21, 22, 23, 24] .
In the present section we review some properties of the model which are of concern in the present work.
The basis states are written as
where n π is the number of valence protons in the sd shell and [f π ] is the irrep of the U(2) spin group for protons, which has associated with spin
The SU(3) irrep for protons is (λ π , µ π ) with a multiplicity label α π associated with the reduction from U(6). Similar definitions hold for the neutrons, labeled with ν. There are other two multiplicity labels: ρ, which counts how many times the total irrep (λ, µ) occurs in the direct product (λ π , µ π ) ⊗ (λ ν , µ ν ) and K, which classifies the different occurrences of the orbital angular momentum L in (λ, µ).
The vector states (1) span the complete shell-model space within only one active (harmonic oscillator) shell for each kind of nucleon. As an example, for two protons (n π = 2) in the sd shell there are three possible irreps: (λ π , µ π ) = (4,0), (2,1) and (0,2). The first and third irreps have spin zero, the second one has spin 1. Each one occurs only once (α π = 1). The same numbers are obtained for 2 neutrons. The coupled SU(3) irreps are ordered by decreasing values of the expectation value of the second order Casimir operator, C 2 ,
They are listed in Table 1 , with the (λ, µ) labeling the coupled irreps in the third column, the possible values of the total spin S in the fourth, and the C 2 value in the fifth column.
There is a total of 66 irreps, including the outer multiplicity ρ = 1, 2 in the couplings (2, 1) π ⊗ (2, 1) ν = (3, 1), (1, 2) , and the total spin S. For each [3] : only the SU(3) irreps with the largest C 2 value, in the separate proton and neutron spaces as well as the coupled space, and spin 0 and 1 are included. The inclusion of spin 1 states represents the most important difference from previous SU(3) based truncation schemes [23] .
The Hamiltonian of the model is
The first terms are spherical Nilsson single-particle energies, the quadrupolequadrupole and pairing interactions. They are the basic components of any realistic Hamiltonian [25, 26] and have been widely studied in the nuclear physics literature, allowing their respective strengths to be fixed by systematics [25, 26] . The remaining are three rotor-like terms used to fine tune the moment of inertia and the position of the different K bands. The SU(3) mixing is due to the single-particle and pairing terms. The single-particle part of the Hamiltonian is
with parameters [25] hω
The pairing interaction is Table 2 : Parameters of Hamiltonian (3) for the different nuclei listed in the first column. Labels "full" or "truncated" refer to the Hilbert space used.
of SU (3) tensors is reviewed in [23, 15] . The quadrupole-quadrupole (χ) and pairing (G π,ν ) interaction strengths used are [25, 26] 
The pairing force parameter (9.5) in these light nuclei (A ≈ 17 − 28) is about half the one used in heavier nuclei. The three 'rotor-like' terms have been studied in detail in previous papers where the SU(3) and pseudo SU(3) symmetry were used as a dynamical symmetries [7, 8] . In the present work, a and b are the two parameters used to fit the spectra. A sym was used for 22 Ne and 24 Mg. The term proportional to K 2 J breaks the SU(3) degeneracy of the different K bands [27] . The term proportional to J 2 is used to fine tune the moment of inertia. It represents a small correction to the quadrupole-quadrupole term, which contributes to the rotor spectra with strength 3/2χ [15] . The symmetry term distinguishes SU(3) irreps with both λ and µ even from the others [28] , having zero strength in the first case and a positive value in the the second. The net effect of this term is to make contributions of irreps with both λ and µ even enhanced relative to the other because they belong to different symmetry types of the intrinsic Vierergruppe D 2 [28] .
The values of the Hamiltonian parameters used for the different nuclei are listed in Table 2 . The a, b and A sym paramenters were adjusted to obtain a best fit for each Hilbert space, which is indicated as full or truncated. In 28 Si we also studied a Hamiltonian with an extra term proportional to the third order Casimir C 3 (see Section 6) .
In the following sections we present results for the nuclei 20 Ne, 22 Ne, 24 Mg and 28 Si. The effects of both the truncation of the Hilbert space and the rotor-like terms of the Hamiltonian (3) on the energy spectra and the B(E2) electromagnetic transition strengths are investigated. When possible, a comparison with experimental data [29] and full sd-shell model calculations [30, 31] is given.
The

20
Ne case 20 Ne is considered to be a nucleus with 2 protons and 2 neutrons in the sdshell, outside an inert 16 O core. The list of the 66 SU (3) irreps that define the full Hilbert space is shown in Table 1 .
The energy spectra of 20 Ne obtained with Hamiltonian (3) Table 1 ) was also used. The energy spectra is shown in the first column of [29] , shown in the third column, and with the energies obtained in previous theoretical studies using an SU(3) basis restricted to S=0 states [24] and the full sd shell-model [31] . In the figure, a) includes the ground state as well as the β and γ bands, while b) shows other excited configurations.
The ground state band (0
) is described almost perfectly by all the models. The γ band, which starts with the 0 + 2 , and the β band, which starts with the 2 + 2 state, are also described well, however, in the truncated basis their order is reverted. The excited 4 + states are some of the worst described. The energies reported in [24] , fourth column, are less accurate in their description of some excited states due to the absence of S = 1, 2 states in the basis. It is important to note that even the full space calculation shown in the fifth column does not give a good description of these states. Figure 1 : Energy spectra of 20 Ne. For details see the text. The label Tro refers to Ref. [24] and Wild to Ref. [31] . Note that there is a change in scale between a) to b). To analyze the effect the truncation of the Hilbert space has on the B(E2) transition strengths, in Table 3 Table 1 , guaranteeing in this way that irreps which contribute with the same intensity to the quadrupole-quadrupole force are all included or all neglected. The first column shows the initial and final angular momentum state of the transition, the second the experimental B(E2) value, and the remaining six the theoretical B(E2) values obtained using the same Hamiltonian parameters but reducing the size of the basis (indicated at the top of each column). The last column, labeled 12 * , shows the B(E2) values obtained using a space with 12 irreps (as for the sixth column) but the Hamiltonian parameters optimized for this space, namely, the same set used to calculate the energy spectra shown in Fig. 1 . In all cases an effective charge of q ef = 1.558 was used.
For the B(E2) transitions within the ground state band any space produces very good results. For the same Hamiltonian parameters, the B(E2) values all increase as the number of irreps in the basis decreases. The results for 12 irreps with the best-fit parameters are as good as those obtained with the complete basis, and very close to the experimental ones, as can be seen in the first four rows of Table 3 .
For B(E2) transitions from states in excited bands to states in the ground state band the situation changes drastically. The leading irrep is (8,0), which has no γ band. So including only one SU(3) irrep yields no excited bands and no transitions. The transition 0 2 → 2 1 is pretty well described with 12 irreps. The 0 3 → 2 1 transition (next to the last entry in Table 3 ) is is not so well described. The last entry is only reasonable in the complete basis. For basis including 1 or 4 irreps the 8 + 1 state always has an energy higher than that observed because the wavefunction is close to a pure rotor. At least 12 irreps are needed to move this state down to the observed energy.
The percentage each SU(3) irrep contributes to the wavefunction of states in the ground state band is shown in Fig. 2 as a function of the angular momentum of each state. Results obtained with the full basis are presented in insert a), and with a basis truncated to 12 irreps in insert b). In both cases the rotor parameters which fit the spectra best were used. It is remarkable that the wavefunctions in the truncated basis are very similar to those obtained using the full basis. This is an important result because even for 20 Ne, the textbook example of a 'pure' SU(3) rotor, the leading irrep (8,0) displays very large mixing with the irreps (6,1) with S=1 and, for J=8, with the irrep (4,2) with S=2. For J=6 the irrep (8,0) contributes only with 44 %, and for J=8 with 23 %.
The most important conclusion from the 20 Ne results is that while including a few SU(3) irreps in the basis is enough to obtain good wavefunction, irreps with spin 1 and 2 and largest C 2 values must be present. This particular selection of states is what we identify as the the quasi SU(3) truncation scheme. This appears to be at work in all the nuclei studied in the present work.
The
22
Ne case
The 22 Ne nucleus has 2 protons and 4 neutrons occupying the sd shell. The proton SU(3) irreps are the same as for 20 Ne. The 4 neutrons can be configured in any one of the 10 irreps listed in Table 4 . By coupling the proton and neutron irreps one gets a complete basis, which contains 307 irreps, including the external multiplicity ρ and all allowed spins. Results are presented in Table 5 for a truncated basis with only the 13 irreps with largest C 2 values. Notice that only proton and neutron irreps with spin 0 and 1 appear in the list (irreps with spin 2 have always a very small C 2 value). These couple to irreps with spin 0, 1 and 2.
The 22 Ne energy spectra is presented in Fig. 3 . The first column on the left hand side shows the energies obtained using the truncated basis, the second the energies obtained using the complete basis, the third the S irreps 0 (4,2), (0,4), (3,1), (2,0)  1 (5,0), (3,3), (3,1), (1,2) , (0,1) 2 (1,2) Table 4 : SU(3) irreps for 4 particles in the sd-shell. Table 5 : List of irreps included in the truncated basis for 22 Ne. The proton (λ π , µ π ), neutron (λ ν , µ ν ) and coupled irreps (λ, µ) are listed in the first three columns, the values of the total spin S in the fourth, and the C 2 value in the fifth column. experimental energies [29] and the fourth the energies obtained using full sd-shell model calculations [30] . Insert a) displays the ground state and β bands, insert b) other excited bands. The ground state and the β bands are very well described with both the complete and the truncated basis. Other states like 1 . Nonetheless, the overall description of 22 Ne is quite good. As was seen for the 20 Ne case, the single particle energies together with the pairing and quadrupole-quadrupole interactions suffices to reproduce the gross features of the energy spectrum. Small corrections are introduced by the rotor-like terms (K 2 for 20 Ne, J 2 for 22 Ne), which allow for a fine tuning of the energies. This is another very important result. It reflects on the fact that the Hamiltonian parameters taken from systematics are quite good, allowing a description comparable to the sd-shell model. When coupled with the truncation scheme outlined above, they constitute the main ingredients of a powerful and predictive model, the quasi-SU(3) scheme. Table 6 . The theoretical results obtained with q ef f = 1.3 agree well with the known experimental data (there are three strengths measured between states in the ground state band as well as two transitions between bands). As was the case for 20 Ne, the B(E2) transition strengths between members of the ground state band are pretty well described within both the truncated and the complete Hilbert space, while the transitions between states in gamma bands differ, with the complete space predictions being smaller.
The ground state wavefunctions obtained using the complete and truncated bases are displayed in Fig. 4 as a function of the angular momentum of the states. While the details may differ, a comparison of the wavefunctions exhibit the same trends in both the complete and truncated basis. For J=0 the irrep (4, 0) π ⊗ (4, 2) ν → (8, 2) S=0 dominates, with significant mixing with the irreps (9,0) S=1, (6,3) S=1 and (7,1) S=1. For larger values of the angular momentum, the contribution of the irrep (8,2) S=0 decreases, being replaced by the irrep (7,1) S=2 for J = 8 and 10. The important role played by the SU(3) irreps with spin S = 1 and 2 in the ground state band is the most significant departure from the usual Elliot SU(3) symmetry and, as mentioned above, is the manifestation of the quasi-SU(3) symmetry. Table 7 : List of irreps included in the truncated basis for 24 Mg. The proton (λ π , µ π ), neutron (λ ν , µ ν ) and coupled irreps (λ, µ) are listed in the first three columns, the values of the total spin S in the fourth, and the C 2 value in the fifth column.
The
24
Mg case
The 24 Mg nucleus has four protons and four neutrons in the active sd shell. The 10 SU(3) irreps for protons and neutrons are those listed in Table 4 . The complete basis includes 1599 irreps, taking into account the external multiplicity ρ and the different spin values. Calculations were carried out in truncated Hilbert space built with the 11 SU(3) irreps listed in Table 7 . Again, these are the SU(3) irreps with the largest C 2 value. Proton and neutron irreps either spin S=0 and 1 and the coupled irreps have spin S = 0, 1 and 2.
As can be seen in Table 2 , the Hamiltonian parameters include an symmetry parameter. This is required to lower the energy of the 8 + 1 state, which is a member of the ground state band. The energy spectra of 24 Mg is shown in Fig. 5 . The first column displays the shell-model values, the second the experimental data, and the third the predicted energies in the truncated basis. The last three columns show the effect on the spectra of turning off the K 2 term (a = 0), both the K 2 and the symmetry term (a = A sym = 0) and the three rotor terms (a = b = A sym = 0), respectively.
The present theoretical spectra ('Trun') reproduce the observed energy levels and the full shell-model calculations fairly well. As mentioned above, gross features of the spectra are reproduced by the dominant terms in Hamiltonian (3): the single particle, pairing and quadrupole-quadrupole interactions, whose strength are fixed from systematics. The spectra obtained with no rotor-like terms is shown in the last column (right hand side) of Fig. 5 . The ordering of the levels is correct, with only one crossing of two neighboring + state is about at the right energy. However, without the rotor-like terms the model fails to reproduce the moment of inertia of the ground state band, the energy of the γ band head and other features. The energy of the state in the γ band is substantially controlled by the K 2 term. This is why it was introduced [27] . Without only this term the γ band energies are clearly depressed, as seen in the third column. The most prominent effect of not including the symmetry term is in the energy of the 8 + 1 state. This term reduces the mixing of the leading irrep (8,4) S = 1 with other irreps which have λ or µ odd, a mixing that is driven by the single particle terms of the Hamiltonian. It was also noted in a study of the mapping of the rotor to the SU(3) model [28] . It is shown here to contribute to the correct prediction of the energies of high energy states belonging to the ground state band. The B(E2) transition strengths for 24 Mg are listed in Table 8 . Experimental values are shown in the second column. Theoretical values were calculated using an effective charge q ef f = 1.6 and are displayed in the third column. The overall agreement is reasonable. The change in the wavefunction of the 8 
The
28
Si case
The 28 Si nucleus has 6 protons and 6 neutrons occupying the sd shell. Six like particles in the sd-shell populate the 15 irreps listed with their spin S in Table 9 .
S irreps 0 (6,0), (0,6), (3, 3) , (2, 2) , (0,0) 1 (3,3), (4,1), (1,4), (2,2), (3,0), (0,3) , (1,1) 2 (2,2), (1,1) 3 (0,0) Table 9 : SU(3) irreps for 6 particles in the sd shell. Table 10 : List of irreps included in the truncated basis for 28 Si. The proton (λ π , µ π ) and neutron (λ ν , µ ν ) irreps with their spins S π and S ν , and coupled irreps (λ, µ) are listed in the first three columns, the values of the total spin S in the fourth, and the C 2 value in the fifth column.
The complete basis includes 4045 irreps, taking into account the external multiplicity ρ and the different spin values. Calculations were carried out in a severely truncated Hilbert space, built with the 24 SU(3) irreps listed in Table 10 . Again, these are the SU(3) irreps with the largest C 2 values. As in previous cases, proton and neutron irreps include those with spin S = 0 and 1, while total irreps have spin S = 0, 1 and 2. The proton and neutron spin S π , S ν are shown explicitly in order to distinguish the irreps (3,3) with spin S = 0 and 1.
The 28 Si energy spectra is shown in Fig. 7 . In was obtained with the parametrization given in Table 2 for the Hamiltonian (3) plus a term proportional to C 3 , the third order SU(3) Casimir operator. The C 3 eigenvalues Figure 8 . It drives irreps with µ ≫ λ lower in energy than those with µ ≪ λ. As this is a mid-shell nucleus so it has the same number of particles and holes, it has two bands originated from the (12,0) and (0,12) irreps which would be degenerated for a pure quadrupole-quadrupole interaction. A similar feature has been found in Hartree-Fock calculations, where two minima coexist [35] . It was shown that the l · s single particle term breaks this degeneracy and favors the dominance in the ground state band of the (0,12) irrep [35] . But the l · s term alone is unable to push the first excited 0 + state to an energy of 4.98 MeV. We found that, at most, it breaks the degeneracy putting this state at 1.16 MeV. A similar trend is observed in other states belonging to the first excited (prolate) band. The term proportional to C 3 allows us to put the first excited 0 + at the correct energy, as can be seen in Figure 7 . With this Hamiltonian we obtain a very good description of this nucleus. Some states (1 1 , 2 3 , 2 4 and 5 1 ) deviate from the experimental values in a way that is similar to those predicted by shell-model calculations [31, 32] .
In Figure 8 the crossing of the oblate [(0,12),(1,10)] and prolate [((12,0), (10,1)] bands can be seen, which is a special feature of this mid-shell nucleus. With the C 3 term in the Hamiltonian, the crossing in Figure 8 insert a) occurs at J = 6, while without this term, insert b), it occurs at J = 4. This happen because C 3 favors the J = 4 state belonging to the (0,12) band, driving it lower in energy than its counterpart from (12,0). Without C 3 there is a state with J = 4 at 4.58 MeV dominated by the (0,12) irrep, as for the calculation with C 3 , but in this case there is another J = 4 state dominated by the (12,0) irrep at 2.87 MeV.
As it was the case for lighter nuclei, the energy spectra is reproduced fairly well, and the quality of the results is comparable with those obtained by Wildenthal and Endt [31, 32] with a full shell-model calculation. The ground state band and many excited states are properly described. Given that this nucleus lies exactly at mid-shell, it is the most complex even-even nuclei of the sd shell. The presence of a 3 4 9 ) ), where a couple of states with J = 4 in parentheses means that there are large strengths toward both states.
Conclusions
The quasi SU(3) symmetry concept, first introduced in full shell-model calculations, was used in this work to explore the structure of four even-even sd-shell nuclei. While the SU(3) symmetry of these nuclei has been used since 1959, the new feature in this work is a close look at the role of proton and neutron irreps with spin S=1. It turns out that these configurations make large, often dominant contributions to the structure of members of the ground-state band, especially those states with higher angular momentum values.
The energy spectra and B(E2) transition strengths of 20, 22 Ne, 24 Mg and 28 Si were calculated in a truncated basis based on the quasi SU(3) symmetry. A simple Hamiltonian which contains realistic single-particle energies, pairing and quadrupole-quadrupole terms was used. Both, the energy spectra and B(E2) transition were found to be very close to the corresponding experimental values. For the 20, 22 Ne cases the calculations were performed in the complete as well as a quasi SU(3) truncated basis, allowing for a discussion of the benefits and limitations of the truncation scheme. While including a few SU(3) irreps in the basis is enough to obtain good description of deformed nuclei, irreps with spin 1 and 2 and largest C 2 values must be present. Effects of the three rotor-like terms in the Hamiltonian were discussed in detail for the 24 Mg case. The results of this work re-enforce the claim that the quasi SU(3) symmetry is a very powerful concept, raising expectations for its use in a description of intruder states in heavy deformed nuclei. Together with a pseudo SU(3) description for nucleons in normal parity states in these nuclei, one can antic-ipate a relatively simple SU(3) description (pseudo for normal parity orbitals and quasi for intruders) of heavy deformed nuclei which has been missing up to now.
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